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ABSTRACT 
An interval t coloring of a graph  is a proper edge-
coloring of  with colors 1,  such that at least one 
edge of G  is colored by  and the edges 
incident to each vertex 
− G
G 2, , t…
,  1, 2, , ,i i t= …
( )v V G∈  are colored by  
consecutive colors, where  is the degree of the vertex 
 in . In this paper interval edge-colorings of various 
graph products are investigated. 
( )Gd v
( )Gd v
v G
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1. INTRODUCTION 
 
All graphs considered in this paper are finite, undirected, 
connected and have no loops or multiple edges. Let  
and  denote the sets of vertices and edges of a graph 
, respectively. The degree of a vertex 
( )V G
( )E G
G ( )v V G∈  is 
denoted by , the maximum degree of a vertex in   
by , the chromatic index of G  by 
( )Gd v G
( )GΔ ( )Gχ′ , and the 
diameter of G  by . We use the standard notations 
 and  for the simple path, simple cycle, 
complete graph on n  vertices and the dimensional cube, 
respectively.     
( )d G
, ,n n nC KP nQ
n−
Let  and G H  be two graphs.  
The Cartesian product  is defined as follows:   G H 
( ) ( ),( ) V G V HV G H = ×   
( )( ){
}
1 1 2 2 1 2 1 2
 1 2 1 2
, ,   and ( ) or
and ( )
( )
.
u v u v u u v v E H
v v u u E G
E G H = = ∈
= ∈
   
 
The tensor (direct) product G  is defined as follows:   H×
( ) ( ),( ) V G V HV G H = ××  
( )( ){ }1 1 2 2 1 2 1 2, ,  ( ) and ( )( ) .u v u v u u E G v v E HE G H = ∈ ∈×  
The strong tensor (semistrong) product G H⊗  is 
defined as follows: 
( ) ( ),( ) V G V HV G H = ×⊗  
( )( ){
}
1 1 2 2 1 2 1 2
 1 2 1 2
, ,  ( ) and ( ) or
and ( )
( )
.
u v u v u u E G v v E H
v v u u E G
E G H = ∈ ∈
= ∈
⊗
 
The strong product G H×  is defined as follows:   
( ) ( ),( ) V G V HV G H× = ×  
( )( ){
}
1 1 2 2 1 2 1 2
  1 2 1 2 1 2 1 2
, ,  ( ) and ( ) or  
and ( ) or and ( )
( )
.
u v u v u u E G v v E H
u u v v E H v v u u E G
E G H× = ∈ ∈
= ∈ = ∈
  
The lexicographic product (composition) [ ]HG  is 
defined as follows: 
[ ]( ) ( ) ( ),H V G V HV G = ×  
[ ]( ) ( )( ){
}
1 1 2 2 1 2 1 2
1 2
, ,  ( ) or 
and ( ) .
H u v u v u u E G u
v v E H
E G u= ∈ =
∈
 
The terms and concepts that we do not define can be 
found in [3,6,7,12]. 
An interval t − coloring [1] of a graph  is a proper 
edge-coloring of  with colors 1,  such that at least 
one edge of G  is colored by  and the edges 
incident to each vertex  are colored by  
consecutive colors.  
G
G 2, , t…
,  1, 2, , ,i i t= …
( )v V G∈ ( )Gd v
 For  let 1,t ≥ tN  denote the set of graphs which have 
an interval t − coloring, and assume: 
1
t
t≥
≡ ∪ NN . For a graph 
,G ∈N  the least and the greatest values of  for which t
tG ∈N  are denoted by  and , respectively. ( )w G ( )W G
 In [1,2], Asratian and Kamalian proved the following 
theorem.   
Theorem 1. Let  be a regular graph. Then G
1. G ∈N  if and only if ( ) ( )G Gχ′ = Δ . 
2. If G ∈N  and ( ) ( )G t W GΔ ≤ ≤ , then tG ∈N . 
 Later, they derived some upper bounds for  
depending on degrees and diameter of a connected graph 
( )W G
G ∈N . 
Theorem 2. [2] If G  is a connected graph and ,G ∈N  then 
( ) ( )( ) ( ) 1 1.( ) d G GW G 1+ Δ − +≤  Moreover, if  is also 
bipartite, then 
G
( )( ) 1 1( ) ( ) GW G d G Δ − +≤ . 
 In [9], Petrosyan investigated interval edge-colorings of 
complete graphs and n− dimensional cubes. In particular, he 
proved the following two theorems. 
Theorem 3. If  where  is odd and  is 
nonnegative, then 
,2qn p= p q
( )2 4 2n .K n pW ≥ − − − q  
Theorem 4. For any  ,n ∈ ` ( ) ( )1 .
2n
n n
QW
+≥  
In this paper interval edge-colorings of various graph 
products are investigated. 
 
 
2. INTERVAL EDGE-COLORINGS OF 
CARTESIAN PRODUCTS OF GRAPHS  
 
First, interval edge-colorings of Cartesian products of 
graphs were investigated by Giaro and Kubale in [4], where 
they proved the following    
Theorem 5. If  then ,G ∈N (m mG P )∈  ∈ `N  and 
   ( )2 2 .n nG C ≥  ∈N
 In the same paper they proved the following theorem. 
Theorem 6. If ( )
1 2 k in n n
nG P P P ∈=       `"  or   
 or  then 
 and   
( )2 , 2m n m nG P C ∈ ≥=   ` (2 2 , 2 ,m n m nG C C ≥=   )
)
) ,
)
G ∈N ( ) ( ).w G G= Δ
 For  of these graphs, Petrosyan, Karapetyan [8]  
and Petrosyan, Khachatrian [11] proved the following 
( )W G
Theorem 7. If , then 
, and if  
then  and if 
 then  If        
 then  
(2 , 2m n m nG P C ∈ ≥=   `
( ) 3 2W G m n≥ + − ( )2 2 , 2 ,m n m nG P C ∈ ≥=   `
( ) 4 2 2,W G m n≥ + −
(2 2 1 ,m n m nG P C + ∈=   ` ( ) 4 2 1.W G m n≥ + −
(2 2 , 2 ,m n m nG C C ≥=  
{ }3 2,3 2( ) max ,m n n mW G + + + +≥  
and if  then ( )2 2 1 2, ,m n m nG C C + ≥ ∈=   `
2 2 3, if  is even,
2 2 2, if  is odd.
( )
m n m
m n m
W G
⎧ + +⎪⎨ + +⎪⎩≥  
In [5,7], Giaro and Kubale proved the following theorem.  
Theorem 8. If  then  and  , ,G H ∈N G H  ∈N
 ( ) ( )( ) ( ),  ( ) ( ).G H w G w H G H W G W Hw W  ≤ +   ≥ +  
 We improve the lower bound in Theorem 8 for 
( )G HW    when ,G H ∈N  and H  is an r − regular 
graph. More precisely, we show that the following theorem 
holds. 
Theorem 9. If  and ,G H ∈N H  is an regular graph, 
then G H  and  
r −
  ∈N
( ) ( ) ( ) .G H W G W H rW   ≥ + +  
Corollary 1. If  is an regular graph, G r − H  is an 
regular graph and  then r′ − , ,G H ∈N G H  ∈N  and  
( ) { }( ) ( ) max , .G H W G W H r rW ′  ≥ + +  
Corollary 2. If  is an regular graph, iG ir − ,iG ∈N  
 and  then 1 ,i n≤ ≤ 1 2 ,nr r r≥≥ ≥" 1 2 nG G G      ∈" N  
and  
( ) 11 2
1 1 1
( ) .
n n k
n i
i k i
G G G W G rW
−
= = =
      ≥ +∑ ∑ i∑"  
 Next, we consider Hamming graphs. Recall that the 
Hamming graph ( )1 2, , , , ,1n im m m m ,H i n∈ ≤ ≤… `  is the 
Cartesian product of complete graphs 
1 2
.
nm m m
K K K     "  In 
[10], Petrosyan noted that ( )1 2, , , nm m mH ∈… N  if and only 
if  is even. Moreover, he proved the following    1 2 nm m m"
Theorem 10. If  where  is odd and  is 
nonnegative, then 
,2qm p= p q
( )2 ,2 , ,2m m mH ∈… N  and  
( )( ) ( )2 ,2 , ,2 2 1 ,m m m m nw H = −…  
( )( ) ( )2 ,2 , ,2 4 2 .m m m m p q nW H ≥ − − −…  
 By Theorem 3 and Corollary 2, we can improve the 
lower bound in Theorem 10.  
Theorem 11. If  where  is odd and  is 
nonnegative, 1 ,
,2 ii i
qm p= ip iq
i n≤ ≤  then ( )1 22 ,2 , ,2 nm m mH ∈… N  and  
( )( ) ( )1 2
1
2 ,2 , ,2 2 1 ,
n
n i
i
m m m mw H
=
= −∑…  
( )( ) ( ) (11 2
1 1
2 ,2 , ,2 4 2 2 1 .
n n
n i i i n
i i
m m m m p q i mW H
−
−= =
≥ − − − + ⋅ −∑ ∑… )i
 Corollary 3. If  where  is odd and  is 
nonnegative, then 
,2qm p= p q
( )2 ,2 , ,2m m mH ∈… N  and  
( )( ) ( )2 ,2 , ,2 2 1 ,m m m m nw H = −…  
( )( ) ( ) ( )( )1 2 12 ,2 , ,2 4 2 .2n n mm m m m p q nW H − −≥ − − − ⋅ +…
 Note that Corollary 3 generalizes Theorem 4, since 
  ( )2,2, ,2 .nQH =…
 Also, we provide some sufficient conditions for 
( ) ( ) ( ) ( )H W G W H d GW G ≥ + +  r⋅  when ,G H ∈N  
and H  is an r − regular graph. In particular, we prove the 
following two theorems. 
Theorem 12. If  is an regular graph and G r − ,G ∈N  then 
 and  (2 2n nG C ≥  ∈N )
( )2 2( ) ( ) .n nW G W n rW G C C≥ + + ⋅   
Theorem 13. If  is an regular graph and G r − ,G ∈N  then 
(m mG P )∈  ∈ `N  and  
( ) ( )( ) ( ) 1 .m mW G W m rW G P P≥ + + − ⋅   
Corollary 4. If  where ,2qn p= p  is odd and  is 
nonnegative, then 
q
( )2 2 22 4 1n n .K C n n pW   ≥ + − − − q  
Corollary 5. If G  is an regular graph and r − ,G ∈N  then 
( )n nG Q ∈  ∈ `N  and  
( ) ( )2 1( ) .2n n n rQ W GW G + +≥ +   
 Note that the lower bound in Corollary 4 is close to the 
upper bound for ( )2 2 ,n nK CW    since  
and 
( )2 2 2 1n nK C n  = +Δ
( )2 2 1,n nK C nd   = +  by Theorem 2, we have 
( )2 2 22 4n nK C n nW   ≤ + + 1.   
 We also confirm the conjecture on the n− dimensional 
cube [9] and show that nQ ( ) ( )12n n nQW +=  for any .n ∈ `     
 Next, we obtain some partial results for the case when 
one of the factors has no interval coloring.  
Theorem 14. For any   and ,nm +∈ ∈` ]
( ) ( )2 1 2 2 1n nK P mn m nW +   ≥ + + − ,
)
 
( ) ( )(2 1 4 1 .2n m m n mK QW + + +  ≥  
Corollary 6. For any   ,n ∈ `
( )2 1 25 5 .2n n n nK QW + +  ≥  
Note that the lower bound in Corollary 6 is close to the 
upper bound for ( )2 1 ,n nK QW +    since ( )2 1 3n nK Q n+   =Δ  
and ( )2 1 1,n nK Q nd +   = +  by Theorem 2, we have 
( )2 1 23 5n nK Q n nW +   ≤ + −1.  
 
 
3. INTERVAL EDGE-COLORINGS OF 
TENSOR PRODUCTS OF GRAPHS  
 
First, interval edge-colorings of tensor products of 
graphs were considered by Giaro and Kubale in [7], where 
they noted that there are  such that ,G H ∈N .G H× ∉N  
On the other hand, Petrosyan [10] proved that if one of the 
factors belongs to  and the other is regular, then 
  
N
.G H× ∈N
Theorem 15. If  and G ∈N H  is an regular graph, then 
 Moreover, 
r −
.G H× ∈N ( ) ( )G Hw w G× ≤ r⋅  and 
( ) ( ) .G HW W G× ≥ ⋅ r     
 In the same paper the author formulated the following  
Problem 1. Are there graphs ,G H ∉N  such that 
 ?G H× ∈N
In [13], Yepremyan constructed graphs ,G H ∉N  such 
that  If we take the Sylvester graph S  as  
and the triangle  as 
.G H× ∈N G
3C H , then       3 .S C× ∈N
 
 
4. INTERVAL EDGE-COLORINGS OF 
STRONG TENSOR PRODUCTS OF 
GRAPHS  
 
First, interval edge-colorings of strong tensor products of 
graphs were considered by Petrosyan in [10], where he proved 
that if one of the factors belongs to  and the other is 
regular, then   
N
.G H⊗ ∈N
Theorem 16. If  and G ∈N H  is an regular graph, then 
 Moreover, 
r −
.G H⊗ ∈N ( ) ( )1( )G H rw w G⊗ ≤ +  and 
    ( ) ( 1( ) .G H rW W G⊗ ≥ + )
 In the same paper the author formulated the following  
Problem 2. Are there graphs ,G H ∉N  such that 
 ?G H⊗ ∈N
In [13], Yepremyan constructed graphs ,G H ∉N  such 
that  If we take the Sylvester graph  as  
and the triangle  as 
.G H⊗ ∈N S G
3C H , then        3 .S C⊗ ∈N
 
 
5. INTERVAL EDGE-COLORINGS OF 
STRONG PRODUCTS OF GRAPHS  
 
First, interval edge-colorings of strong products of 
graphs were considered by Giaro and Kubale [7], where they 
noted that there are  such that ,G H ∈N .G H× ∉N  On 
the other hand, Petrosyan [10] proved that if factors belong to 
N  and one of them is regular, then .G H× ∈N   
Theorem 17. If ,G H ∈N  and H  is an r − regular graph, 
then .G H× ∈N  Moreover, ( ) ( )1( )G H r rw w G× ≤ + +  
and ( ) ( )1( ) .G H r rW W G× ≥ + +     
 Note that there are graphs  and G H  for which 
HG × ∈N , but  For example, ,G H∈ ∉N .N
2 3 ,CK × ∈N  but  Moreover, in [10], Petrosyan 
noted that if G  and 
3 .C ∉N
H  are regular graphs and one of them 
belongs to N , then .G H× ∈N  In the same paper the 
author formulated the following  
Problem 3. Are there graphs ,G H ∉N  such that 
?G H× ∈N  
This problem is still open. 
 
 
6. INTERVAL EDGE-COLORINGS OF 
LEXICOGRAPHIC PRODUCTS OF 
GRAPHS  
 
First, interval edge-colorings of lexicographic products 
of graphs were considered by Giaro and Kubale in [7], where 
they posed the following  
Problem 4. Does [ ]HG ∈N  if  , ?G H ∈N
In [10], Petrosyan proved the following two results.  
Theorem 18. If ,G ∈N  then  for any 1nKG ⎡ ⎤⎣ ⎦ ∈N .n ∈ `  
Moreover, [ ]( )1 ( )G nKw w G≤ ⋅ n  and  
[ ]( ) ( )1 ( ) 1 1.G nK W GW n≥ + ⋅ −  
Theorem 19. If ,G H ∈N  and H  is an r − regular graph, 
then [ ] .HG ∈N  Moreover, if ( ) ,V H n=  
[ ]( ) [ ]( ) and .( ) ( )G H r G H rw w G n W W G n≤ + ≥⋅ ⋅ +   
For some cases, the lower bound in Theorem 19 was 
improved by Yepremyan in [13]. 
Theorem 20. If H ∈N  and H  is an r − regular graph, 
then for any ,n ∈ `  [ ]nP H ∈N  and  
1. [ ]( ) [ ]( ) ,n nP H P Hw = Δ   
2. [ ]( ) ( )( ) .( )n nP H P V H r rW W≥ +⋅ +   
Theorem 21. If H ∈N  and H  is an r − regular graph, 
then for any  2,n ≥ [ ]2nC H ∈N  and  
1. [ ]( ) [ ]( )2 2 ,n nC H C Hw = Δ   
2. [ ]( ) ( )( ) ( )2 2 1 ( )n nC H C V H rW W≥ − ⋅ .+   
Theorem 22. If H ∉N  and H  is an r − regular graph, 
then for any ,n ∈ `  [ ]2nP H ∈N  and  
1. [ ]( ) [ ]( )2 2 ,n nP H P Hw = Δ   
2. [ ]( )2 2( ) ( ) .n nP H W P V H n rW ≥ ⋅ + ⋅  
Theorem 23. If  and H ∉N H  is an regular graph, 
then for any  
r −
2,n ≥ [ ]2 nC H ∈N  and  
1. [ ]( ) [ ]( )2 2 ,n nC H C Hw = Δ  
2. [ ]( ) ( )( )2 2 1 ( ) 2n n nC H C V H rW W .⎡ ⎤≥ − + ⋅⎢ ⎥⎢ ⎥⋅   
Also, Yepremyan [13] noted that there are graphs 
 such that ,G H ∉N [ ] .HG ∈N  If we take as G  the 
triangle  and as 3C H  the Petersen graph , then 
       
P
3 .PC ⎡ ⎤⎢ ⎥⎣ ⎦ ∈N
Finally, she proved [13] that if T  is a tree, then 
 and  where  is a star nPT ⎡ ⎤⎣ ⎦ ∈N ,nST ⎡ ⎤⎣ ⎦ ∈N nS 1, .nK    
Before we formulate these results we need some definitions. 
Let  be a tree and T { }, , ,1 2 ,  2.( ) nv v v nV T ≥= …  Let 
( ),i jv vP  be a simple path joining  and  iv ,jv ( ),i jv vVP  and 
( ),i jv vEP  denote the sets of vertices and edges of the path, 
respectively. 
For a simple path ( ),i jv vP , define ( ),i jv vL  as follows: 
( ) ( ) ( ) { }{
( )}
, , ,
,
| ( ), \ ,
.
i j i j i j i j
i j
v v EP v v uv uv E T u VP v v v v
v VP v v
L = + ∈ ∈
∉
,
 
Let  be a center of  and ( )C T ,T ( )F T  be a set of 
pendant vertices of   .T
Define:  
( )
( ) ( )
max max ,( )
u C T v F T
L u vm T
∈ ∈
=  and 
( )
, ( )
max , .( )
u v F T
L u vM T
∈
=  
Now we can present these results. 
Theorem 24. If  is a tree, then for any T ,n ∈ `  
 and  nPT ⎡ ⎤⎣ ⎦ ∈N
1. [ ]( ) ( )( ) ( ) 1,nT P m T T nw ≤ +Δ ⋅ −   
2.   [ ]( ) ( )( ) 1 1.nT P M T nW ≥ + ⋅ −
Theorem 25. If  is a tree, then for any T ,n ∈ `  
 and  nST ⎡ ⎤⎣ ⎦ ∈N
1.   [ ]( ) ( )( ) ( ) 1,nT S m T T nw ≤ +Δ ⋅ −
2. [ ]( ) ( )( ) 1 1.nT S M T nW ≥ + ⋅ −   
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